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Abstract
We introduce the notion of orientability in a strict braided tensor category and de7ne (pre)-
orientable and orientable objects, using the previous notion of -twist formulated exclusively in
terms of adjunctions. We obtain a ribbon category of oriented objects (where the 2-twist is like
2) by giving an appropriate de7nition of compatible morphisms between these objects. For a
stable object we introduce the abstract M:obius band and obtain a strictly algebraic proof for some
classical properties of the topological M:obius band. Finally a topological visualization is given.
c© 2003 Elsevier B.V. All rights reserved.
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0. Introduction
It is well known that braided monoidal categories are closely linked with very active
areas in physics, with the theory of Hopf algebras and quantum groups, with the topo-
logical quantum 7eld theory and the classical knot theory, etc (see [4,8–10]). For this
reason, the interest of working in this general setting is two-fold. On the one hand,
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it bene7ts from intuitions coming from diHerent 7elds. On the other hand, the results
unify a lot of information scattered in those 7elds, sometimes hidden behind their
particularities.
The interest of working in a monoidal setting has been emphasized by Street, Joyal,
Majid and others (see [6,9]). Frequently the ordinary language of module theory is not
very operative in these contexts because it systematically uses additive expressions with
elements. This was already noted by Majid [9] who had to use a bidimensional picto-
rial calculus (related with knot theory) to study some (or many) aspects of quantum
algebra. Our point of view is to use a diHerent pictorical bidimensional 2-categorical
calculus based on the bicategorical formalism of B'enabou [3], and developed by sev-
eral authors like Barja [2], Fern'andez Vilaboa [5], etc. Using this tool we have a very
natural language to work in braided monoidal categories because the tensor product can
be interpreted as the horizontal multiplication and the composition of natural transfor-
mations as the vertical one. The knot-theoretic calculus used by Majid can easily be
interpreted in terms of these bidimensional notation. For example, the Reidemeister
moves are trivial in this context because they can be seen essentially as triangular
identities of adjunctions and the naturality of the braiding in a category of topological
cobordism. We systematically carry out the computations with our calculus (explicit
calculations with the 2-categorical method can be seen in [1]).
Taking into account that the classical knot theory in relation to the Reidemeis-
ter moves (‘isotopic evolution’) is easily studied and implemented in the braided
monoidal category of 1-cobordisms, it seems reasonable to try to study framed-links
and framed-knots in a similar way.
With this objective in mind one must be able to introduce an abstract M:obius band
such that the usual manipulations with it (scissors kit) can be interpreted as transfor-
mations of mathematical objects in this context.
Despite the well known fact that the M:obius band is a non-oriented surface,
our mathematical formulation forces us to de7ne the orientability and the -twist.
With the same cost one can de7ne the orientability in an arbitrary strict braided
monoidal category. For an object A it appears linked to the possibility of de7ning four
closely connected triads A+; A−; A∗+ and A∗− which, moreover, carry inside the
-twist of change of orientation.
The ribbon category of oriented objects Cor appears then in a natural way, being
2 the twist (2-twist or balanced structure), and it seem to us an appropriate setting
for developing, perhaps, a theory of oriented algebras, Hopf-oriented algebras, TQFTs
and Frobenius algebras in an abstract algebraic context.
1. Preliminaries
If C and D are categories, an adjoint pair, or an adjunction, (; ) : F  G is given
by two functors F :C→ D; G :D→ C and natural transformations  : idC → GF and
 :FG → idD, unity and co-unity, which verify the triangular identities, ( ∗ F) ◦ (F ∗
) = idF ; (G ∗ ) ◦ ( ∗ G) = idG. Given such an adjunction, the functor F is said
to be a left-adjoint for G, while G is called a right-adjoint for F . If the adjoint pair
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(; ) : F  G exists, the natural transformation  (resp. ) is 7xed canonically by 
(resp. ). For this reason, we denote the adjunction (; ) : F  G by F

G.
Let F :C → D, F ′ :C → D, G :D → C be functors. The following statements are
equivalent.
(i) There exist adjoint pairs (; ) : F  G and (a; b) : F ′  G.
(ii) There exist an adjoint pair (; ) : F  G and a unique natural isomorphism
 :F → F ′ such that (a; b) :F ′  G is an adjoint pair, being a = (G ∗ ) ◦  and
b=  ◦ (−1 ∗ G).
Note that, as a consequence, = ( ∗ F ′) ◦ (F ∗ a).
Let F

G, F ′
′
G′ be adjoint pairs. We say that  = (f; g) : (F

G) → (F ′
′
G′) is
a morphism of adjoint pairs if f :F → F ′ and g :G′ → G are natural transformations
such that (G ∗ f) ◦ = (g ∗ G′) ◦ ′, or equivalently, ′ ◦ (f ∗ G′) =  ◦ (F ∗ g).
If (F

G;H
a
G) and (F ′
′
G′; H ′
a′
G′) are pairs of adjunctions, we will say that
’= (f; g; h) : (F

G;H
a
G)→ (F ′
′
G′; H ′
a′
G′)
is a morphism between them when
(f; g) : (F

G)→ (F ′
′
G′)
and
(h; g) : (H
a
G)→ (H ′
a′
G′)
are morphisms of adjoint pairs.
If
’= (f; g; h) : (F

G;H
a
G)→ (F ′
′
G′; H ′
a′
G′)
and
= (f′; g′; h′) : (F ′
′
G′; H ′
a′
G′)→ (F ′′
′′
 G′′; H ′′
a′′
 G′′);
are morphisms, then the composition is de7ned by
(f′; g′; h′) ◦ (f; g; h) = (f′ ◦ f; g ◦ g′; h′ ◦ h):
This composition is associative and the unity morphism is (idF ; idG; idH ) for the pair
of adjunctions (F

G;H
a
G). When H = G (G is autoadjoint) we denote the pair of
adjunctions (F

G;G
a
G) by the triad (F

G
a
G).
2. -twist and orientability. The ribbon category of oriented objects
We assume that the reader is familiar with the machinery of braided monoidal cat-
egories. Details may be found in [6]. In the following we denote with (C;⊗; K; c) a
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strict braided monoidal category, where K is the base object and c is the braiding, and
with TC the category of triads A=(A⊗−
AA∗⊗−
aA∗ A∗⊗−) of endofunctors of C.
In the 7nal section we present an example of a strict braided monoidal category where
we can visualize the results of Sections 2 and 3. In this category we give examples of
triads A= (A⊗−
AA∗ ⊗−
aA∗ A∗ ⊗−) being A and A∗ diHerent, although isomorphic,
objects. We advise a simultaneous reading of the last section to illustrate the abstract
notions (orientability, orientation, stability, etc.) of this paper.
Proposition 2.1. TC is a strict braided monoidal category.
Proof. First we provide TC with a tensor product. For A; B∈TC we de7ne
A⊗ B := (A⊗ B⊗−
A⊗B
 B∗ ⊗ A∗ ⊗−
a(A⊗B)∗
 B∗ ⊗ A∗ ⊗−);
where
A⊗B = (B∗ ⊗ A ⊗ B⊗−) ◦ B
and
a(A⊗B)∗ = (B∗ ⊗ A∗ ⊗ c−1B∗ ;A∗ ⊗−) ◦ (B∗ ⊗ aA∗ ⊗ B∗ ⊗−) ◦ aB∗ :
The base object in TC is K := (K ⊗−
idK K ⊗−
idK K ⊗−) and the associativity of
the tensor product A ⊗ B in TC is a consequence of the Yang–Baxter identities for
c. Moreover, if (f; g; h) :A→ A′ and (f′; g′; h′) :B→ B′ are morphisms in TC, then
(f⊗f′; g′⊗ g; h′⊗ h) :A⊗B→ A′⊗B′ is a morphism in TC by the naturality of c.
Finally, the morphism cA;B := (cA;B⊗−; cA∗ ;B∗⊗−; cB∗ ;A∗⊗−) is a braiding in TC.
It is easy to show that the naturality and the Yang–Baxter identities for
cA;− :A⊗− → −⊗A; c−;B : −⊗ B→ B⊗−
are immediate consequences of the corresponding ones for cA;−; c−;B.
Remark 2.2. Using the naturality of the braiding we have the next equalities:
a(A⊗B)∗ = (B∗ ⊗ cB∗ ;A∗ ⊗ A∗ ⊗−) ◦ (aB∗ ⊗ aA∗)
= (c−1B∗ ;A∗ ⊗ B∗ ⊗ A∗ ⊗−) ◦ (A∗ ⊗ aB∗ ⊗ A∗ ⊗−) ◦ aA∗
(see Fig. 3).
De"nition 2.3. For an object A in TC we de7ne the -twist of A by
A := (A ⊗ A∗ ⊗−) ◦ (A⊗ aA∗) :A⊗− → A∗ ⊗−:
Note that the morphism A is a natural isomorphism with inverse
−1A := (bA∗ ⊗ A⊗−) ◦ (A∗ ⊗ A) :A∗ ⊗− → A⊗−
(see Fig. 12).
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Proposition 2.4. Let A and B be in TC . Then:
(i) A⊗B = (c−1B∗ ;A∗ ⊗−) ◦ (A ⊗ B) (see Fig. 16).
(ii) If (f; g; h) :A→ B is a morphism in TC, then B ◦ f = h ◦ A.
Proof. The 7rst equality follows from the naturality of the braiding. Indeed:
A⊗B = (A ⊗ c−1B∗ ;A∗ ⊗−) ◦ (A⊗ B ⊗ aA∗ ⊗ B∗ ⊗−) ◦ (A⊗ B⊗ aB∗)
= (A ⊗ c−1B∗ ;A∗ ⊗−) ◦ (A⊗ B ⊗ A∗ ⊗ A∗ ⊗ B∗ ⊗−) ◦
(A⊗ B⊗ cA∗ ;B∗ ⊗ A∗ ⊗ B∗ ⊗−) ◦ (A⊗ cA∗ ;B ⊗ cA∗ ;B∗ ⊗ B∗ ⊗−) ◦
(A⊗ A∗ ⊗ cA∗ ;B ⊗ B∗ ⊗ B∗ ⊗−) ◦ (A⊗ aA∗ ⊗ B⊗ aB∗)
= (c−1B∗ ;A∗ ⊗−) ◦ (A ⊗ B):
On the other hand, if (f; g; h) :A→ B is a morphism in TC we obtain
B ◦ f= (A ⊗ B∗ ⊗−) ◦ (A⊗ g⊗ B∗ ⊗−) ◦ (A⊗ aB∗)
= (A ⊗ h) ◦ (A⊗ aA∗) = h ◦ A:
Now we introduce our notion of (pre)orientability
De"nition 2.5. We say that an object A in C is preorientable if there are four triads
in TC:
A+ = (A⊗−
+AA∗ ⊗−
+a−A∗ A∗ ⊗−);
A− = (A⊗−
−AA∗ ⊗−
−a+A∗ A∗ ⊗−);
A∗+ = (A∗ ⊗−
+A∗ A⊗−
+a−A A⊗−);
A∗− = (A∗ ⊗−
−A∗ A⊗−
−a+A A⊗−):
Note that A is a preorientable object in C iH A∗ is preorientable.
Notation 2.6. For a preorientable object A we consider also the following triads of
morphisms:
+−A := (
+−A ;
−+A;
−+A∗) :A
+ → A∗−;
−+A := (
−+A;
+−A ;
+−A∗) :A
− → A∗+;
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+−A∗ := (
+−A∗ ;
−+A∗ ;
−+A) :A
∗+ → A−;
−+A∗ := (
−+A∗ ;
+−A∗ ;
+−A) :A
∗− → A+;
where +−A ;
−+A;
+−A∗ and
−+A∗ are the -twist of A+;A−;A∗+;A∗−, respectively
(see 2.3). In what follows we will short our notations and write ; −; a− and so
on, where  stands for one of the signs + or − and − denotes the opposite one.
Proposition 2.7. For any preorientable object A in C, the following assertions are
equivalent:
(i) −A :A → A∗− is a morphism in TC.
(ii) (A∗ ⊗ −A ) ◦ A = (−A ⊗ A∗ ⊗−) ◦ −A∗ .
(iii) (−A ⊗ A⊗−) ◦ −aA = (A∗ ⊗ −A∗) ◦ a−A∗ .
(iv) −A = (A
∗ ⊗ −A∗ ) ◦ (a−A∗ ⊗ A⊗−).
Proof. First of all, it is clear that (i) is equivalent to (ii) plus (iii). Moreover, (ii) is
equivalent to (iii) because we have
a−A∗ = (A
∗ ⊗ −A ) ◦ A = (−A ⊗ A∗ ⊗−) ◦ −A∗ ⇔
(A∗ ⊗ −A∗) ◦ a−A∗ = (−A ⊗ −A∗) ◦ −A∗ = (−A ⊗ A⊗−) ◦ −aA:
Finally, according to the de7nition of A (see 2.3), we have that
−A = (A
∗ ⊗ b−A ) ◦ (((A∗ ⊗ −A∗) ◦ a−A∗ )⊗ A⊗−)
= (A∗ ⊗ −A∗ ) ◦ (a−A∗ ⊗ A⊗−)
and therefore (iii) is equivalent to (iv).
Remark 2.8. It should be emphasized that in the last proposition assertions (ii) and
(iii) are equivalent to
(ii)′A ◦ (A⊗ −A) = −A∗ ◦ (−A ⊗ A⊗−)
and
(iii)′−bA∗ ◦ (A∗ ⊗ −A) = b−A ◦ (−A∗ ⊗ A⊗−);
respectively.
Proposition 2.9. Let A be a preorientable object in C such that −A ,
−A∗ are
morphisms in TC; ∈{+;−}. The following assertions are equivalent:
(i) A∗ = (c
−1
A;A∗ ⊗−) ◦ (−A ⊗ −A∗) ◦ −A∗ .
(ii) −A = (c
−1
A∗ ;A ⊗−) ◦ (−A∗ ⊗ −A ) ◦ A.
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(iii) There exists an adjoint pair A⊗−  A∗⊗− of endofunctors of TC with unit
and counit:
A := (

A; 

A∗ ; 
−
A ) : K⊗− → A∗ ⊗A ⊗−;
A := (

A; 

A∗ ; 
−
A ) : A
 ⊗A∗ ⊗− → K⊗−:
Proof. According to 2.7, for A and A∗, we have
A∗ = (
−A∗ ⊗ (−A∗)−1) ◦ −A
and
A = (
−A ⊗ (−A )−1) ◦ −A∗ :
Then
A∗ = (c
−1
A;A∗ ⊗−) ◦ (−A ⊗− A∗) ◦ −A∗ ⇔
(A∗ ⊗ (−A∗)−1) ◦ −A = (c−1A∗ ;A∗ ⊗−) ◦ (−A ⊗ A∗) ◦ −A∗ ⇔
(cA;A∗ ⊗−) ◦ ((−A )−1 ⊗ (−A∗)−1) ◦ −A = (−A ⊗ (−A )−1) ◦ −A∗ = A ⇔
−A = (c
−1
A∗ ;A ⊗−) ◦ (−A∗ ⊗ −A ) ◦ A
and thus, (i)⇔ (ii).
Finally we prove equivalence (ii)⇔ (iii). The triad A is a morphism in TC iH
A = (

A∗ ⊗ A∗ ⊗ A⊗−) ◦ (A∗ ⊗ A∗ ⊗ A⊗−) ◦ A
and
−A = (

A∗ ⊗ c−1A∗ ;A ⊗−) ◦ (A∗ ⊗ a−A ⊗ A∗ ⊗−) ◦ a−A∗
= (c−1A∗ ;A ⊗−) ◦ (−A∗ ⊗ A∗ ⊗−) ◦ a−A∗ = (c−1A∗ ;A ⊗−) ◦ (−A∗ ⊗ −A ) ◦ A:
Moreover, in a similar way to 2.8, assertions (i) and (ii) are equivalent to
(i)′A∗ = 
−
A∗ ◦ ((−A∗)−1 ⊗ (−A)−1) ◦ (cA∗ ;A ⊗−)
and
(ii)′−A = 

A ◦ ((−A )−1 ⊗ (−A∗)−1) ◦ (cA;A∗ ⊗−);
respectively.
The triangular identities for (A; 

A) : A ⊗ −  A∗ ⊗ −follow easily from the
corresponding ones for (A; 

A) : A
 ⊗−  A∗ ⊗−.
De"nition 2.10. We will say that a preorientable object A in C is orientable if for each
∈{+;−}, −A , −A∗ are morphisms in TC and satisfy the equivalent conditions of
Proposition 2.9 (see Figs. 17 and 18).
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Note that A is orientable iH A∗ is orientable. We can consider the base object K as
an orientable object where K=K+ =K− =K∗+ =K∗−.
Proposition 2.11. If A and B are orientable objects, then so is A⊗ B.
Proof. First we de7ne (A⊗ B)⊗ by
(A⊗ B)⊗ := A ⊗ B;
where , ∈{+;−}.
On the other hand, from (ii) of 2.7 and by the naturality of the braiding we have
((A⊗ B)∗ ⊗ ⊗−⊗−A⊗B ) ◦ ⊗A⊗B
=(B∗ ⊗ A∗ ⊗ ((c−1B∗ ;A∗ ⊗−) ◦ (−A ⊗ −B ))) ◦ (B∗ ⊗ A ⊗ B⊗−) ◦ B
=(−B ⊗ −A ⊗ c−1B∗ ;A∗ ⊗−) ◦ (B⊗ −A∗ ⊗ B∗ ⊗−) ◦ −B∗
=(((c−1B∗ ;A∗ ⊗−) ◦ (−A ⊗ −B))⊗ B∗ ⊗ A∗ ⊗−) ◦
(A⊗ −B∗ ⊗ A∗ ⊗−) ◦ −A∗
=(−⊗−⊗A⊗B ⊗ (A⊗ B)∗) ◦ −⊗−(A⊗B)∗
and thus ⊗−⊗−A⊗B : (A⊗B)⊗ → (A⊗B)∗−⊗− =B∗−⊗A∗− is a morphism in
TC. By similar computations we can prove that ⊗−⊗−(A⊗B)∗ is a morphism in TC.
Moreover, from the naturality of the braiding and from (ii) of 2.9 we obtain
−⊗−A⊗B = (B
∗ ⊗ −A ⊗ B⊗−) ◦ −B
= (B∗ ⊗ A∗ ⊗ c−1A;B ⊗−) ◦ (B∗ ⊗ c−1A∗ ;B ⊗ A⊗−) ◦ (−B ⊗ −A )
= (B∗ ⊗ A∗ ⊗ c−1A;B ⊗−) ◦ (B∗ ⊗ c−1A∗ ;B ⊗ A⊗−) ◦ (c−1B∗ ;B ⊗ c−1A∗ ;A ⊗−) ◦
(−B∗ ⊗ −B ⊗ −A∗ ⊗ −A ) ◦ (B ⊗ A)
= (c−1(A⊗B)∗ ;A⊗B ⊗−) ◦ (⊗−⊗−(A⊗B)∗ ⊗ ⊗−⊗−A⊗B ) ◦ ⊗A⊗B:
Similarly ⊗(A⊗B)∗ =(c
−1
A⊗B; (A⊗B)∗ ⊗−)◦ (−⊗−⊗A⊗B⊗−⊗−⊗(A⊗B)∗)◦−⊗−(A⊗B)∗ . This
completes the proof.
Remark 2.12. It is an easy exercise to prove that
(A⊗ B⊗ C)⊗⊗ = (A⊗ B)⊗ ⊗ C =A ⊗ (B⊗ C)⊗ =A ⊗ B ⊗ C;
where ; ; ∈{+;−}.
De"nition 2.13. Let A and B be orientable objects in C and let ; ∈{+;−}.
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(i) We say that a morphism f :A → B is (; )-compatible of type 1 if A = K or
B = K and there exist morphisms g :B∗ → A∗, g′ :B → A and h :A∗ → B∗ such
that
f := (f; g; h) :A → B
and
−h− := (h; g′; f) : A∗− → B∗−
are morphisms in TC.
(ii) We say that f :K → K is (; )-compatible of type 2 morphism if it is composite
of a 7nite number of type 1 compatible morphisms, i.e., there exist a 7nite family
of orientable objects Di and type 1 (i; i+1)-compatible morphisms, i=1; : : : ; n−1,
D1 = K
f1−→D2 f2−→D3 f3−→· · · fk−→Dk fk+1−→· · · fn−1−→K = Dn;
such that 1 = ; n =  and f = fn−1 ◦ · · · ◦ f1.
(iii) We say that a morphism f is compatible if f=idK or f is a compatible morphism
of types 1 or 2.
Proposition 2.14. If A and B are orientable objects in C, neither of them the base
object, for a morphism f :A→ B the following two conditions are equivalent:
(i) f is (; )-compatible type 1 morphism.
(ii) f ◦ −A∗ ◦ −A = −B∗ ◦ −B ◦ f.
Proof. First we will show (i) ⇒ (ii). The morphism f := (f; g; h) : A → B
belongs to TC if and only if the following equalities hold:
g= (A∗ ⊗ (B ◦ (f ⊗ B∗ ⊗−))) ◦ (A ⊗ B∗ ⊗−)
(g⊗ B∗ ⊗−) ◦ a−B∗ = (A∗ ⊗ h) ◦ a−A∗ :
Therefore we have that
h= (−bA∗ ⊗ B∗ ⊗−) ◦ (A∗ ⊗ ((g⊗ B∗ ⊗−) ◦ a−B∗ ))
= (−bA∗ ⊗ (B ◦ (f ⊗ B∗ ⊗−))⊗ B∗ ⊗−) ◦ (A∗ ⊗ A ⊗ a−B∗ )
= −B ◦ f ◦ (−A )−1:
In a similar way using that h is a morphism in TC one can obtain that h=(−B∗)
−1◦
f ◦ −A∗ .
(i)⇒ (ii) Taking
h= (−B∗)
−1 ◦ f ◦ −A∗ = −B ◦ f ◦ (−A )−1;
g= (A∗ ⊗ (−bB∗ ◦ (h⊗ B∗ ⊗−))) ◦ (a−A∗ ⊗ B∗ ⊗−);
g′ = (A⊗ (−B∗ ◦ (h⊗ B⊗−))) ◦ (−A∗ ⊗ B⊗−);
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it is easy to verify that
(f; g; h) :A → B; (h; g′; f) :A∗− → B∗−
are morphisms in TC.
Remark 2.15. From f :A → B being a (; )-compatible morphism, it follows that f
satis7es condition (ii) of the above proposition.
Corollary 2.16. For every orientable object A = K in C the morphisms A; A; −aA;
b−A and
−A are compatible type 1 morphisms.
Proof. The orientability of A provides the equalities
−⊗−⊗A∗⊗A ◦ ⊗−⊗−A∗⊗A ◦ A
=(c−1A∗ ;A ⊗−) ◦ (−A∗ ⊗ −A) ◦ (c−1A∗ ;A ⊗−) ◦ (−A∗ ⊗ −A ) ◦ A
=(c−1A∗ ;A ⊗−) ◦ (−A∗ ⊗ −A) ◦ −A
= A
Thus, A is a (; ⊗)-compatible type 1 morphism. The compatibility of the remaining
morphisms can be obtained by similar computations.
2.17. Let A be an orientable object in C and
+A :=
−+A∗ ◦+ −A ; −A := +−A∗ ◦− +A:
By Cor we denote the category whose objects are pairs (A; A), where A is an orientable
object in C(∈{+;−}), and whose morphisms are the compatibles ones.
Note that each orientable object A in C provides two objects in Cor, indeed (A; +A)
and (A; −A), i.e., A with positive and negative orientation, respectively.
If we de7ne a tensor product in Cor by (A; A) ⊗ (B; B) = (A ⊗ B; ⊗A⊗B) where
⊗A⊗B= (

A⊗ B) ◦ c−1A;B ◦ c−1B;A (see 2.11 and 2.12), our category Cor is a strict braided
monoidal category because c−1
(A;A);(B;

A)
:= c−1A;B is a compatible morphism.
For each object (A; A) in C
or, the functor
(A; A)⊗− : Cor  Cor
is left adjoint to the functor (A∗; A∗)⊗−, making (A;A) := A and (A;A) := A for
the natural transformations unity and counity. Then we will denote the dual object of
(A; A) in C
or by (A; A)
∗ = (A∗; A∗).
For an object (A; A) in C
or we de7ne the twist (balanced structure) by (A;A) = 

A
and this gives a family of natural isomorphisms such that:
(A;A)⊗(B;B) = ((A;A) ⊗ (B;B)) ◦ c
−1
(A;A);(B;

B)
◦ c−1
(B;B);(A;

A)
:
Moreover, as an easy consequence of 2.7, we obtain that (A∗ ; A∗ ) = ((A;A))
∗, for
each orientable object A, and thus we can conclude that (see [7] for the de7nition):
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Proposition 2.18. The category Cor is a ribbon category.
3. The M-obius band
De"nition 3.1. We say that a preorientable object A in C is stable if A=A∗. If moreover
A is orientable and −A =
−A∗ = idA for ∈{+;−}, then we say that A is pointlike.
De"nition 3.2. If A is stable and orientable we de7ne the A-M:obius band in C as
M (A) := −A ◦ (A⊗ +−A) ◦ +A :
Note that, in general, M (A) is not de7ned as a compatible morphism.
De"nition 3.3. If A is an orientable object we de7ne the A-cylinder in C as
C(A) := −A∗ ◦ −A = −A∗ ◦ ((−+A∗)−1 ⊗ +−A∗) ◦ +A∗ = +A ◦ +A∗ :
Observe that C(A) is de7ned as a compatible morphism and C(A) = +b−A ◦+ a−A .
Lemma 3.4. If A is orientable object in C, then
+−A∗ ◦− +A = (−A∗ ⊗ A⊗−) ◦ (A∗ ⊗ c−1A;A) ◦ (−A ⊗ A⊗−):
Proof. Using the naturality of the braiding as well as (ii) of 2.9 and (ii)′ of 2.8, we
have that
(−A∗ ⊗ A⊗−) ◦ (A∗ ⊗ c−1A;A) ◦ (−A ⊗ A⊗−)
= (A⊗ −A∗) ◦ (cA∗ ;A ⊗ A⊗−) ◦ (−A ⊗ A⊗−)
= (A⊗ −A∗) ◦ (cA∗ ;A ⊗ A⊗−) ◦ ((c−1A∗ ;A ◦ (+−A∗ ⊗+ −A) ◦ +A )⊗ A⊗−)
= (A⊗ −A∗) ◦ ((+−A∗ ⊗+ −A) ◦ +A )⊗ A⊗−)
= (+−A∗ ⊗ +A ) ◦ (+A ⊗ −+A)
=+−A∗ ◦ −+A
(see Fig. 19).
Proposition 3.5. Let A and B be orientable objects in C such that B is stable. If
D = A⊗ B⊗ A∗, then we have
M (D) = (−A∗ ⊗ −B ) ◦ (4 ⊗ (cB;A ◦ cA;B)⊗ +−B ) ◦ (−A ⊗ +B )
where 4 = −+A ◦+ −A∗ ◦− +A ◦+ −A∗
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Proof. Trivially D = D∗. On the other hand, choosing for D (see 2.12) D] = A− ⊗
B+⊗A∗+ and D==A+⊗B−⊗A∗− as the opposite (i. e. D]=(A⊗B⊗A∗)−⊗+⊗+,
D= = (A⊗B⊗A∗)+⊗−⊗−) and D∗] =A+⊗B+⊗A∗−; D∗= =A−⊗B−⊗A∗+ we
have that D is an orientable object in C and
M (D) = =D ◦ (D ⊗ ]=D) ◦ ]D
= +A ◦ (A⊗ −B ⊗ A∗ ⊗−) ◦ (A⊗ B⊗ −A∗ ⊗ c−1B;A∗) ◦
(A⊗ B⊗ A∗ ⊗ ((c−1A;A∗ ⊗ B⊗−) ◦ (A∗ ⊗ c−1A;B) ◦ (−+A ⊗ +−B ⊗ +−A∗)) ◦
(A⊗ B⊗ −A ⊗ B⊗ A∗ ⊗−) ◦ (A⊗ +B ⊗ A∗ ⊗−) ◦ +A∗
= +A ◦ (A⊗ −B ⊗ −+A) ◦ (−+A∗ ⊗ B⊗ −A∗ ⊗ c−1B;A) ◦
(A∗ ⊗ B⊗ A∗ ⊗ ((c−1A;A ⊗ B⊗−) ◦ (A⊗ c−1A;B) ◦ (A⊗ +−B ⊗ A⊗−)) ◦
(A∗ ⊗ B⊗ −A ⊗ B⊗ A⊗−) ◦ (A∗ ⊗ +B ⊗ A⊗−) ◦ −A
= −A∗ ◦ (+−A ⊗ −B ⊗ A⊗−) ◦ (−+A∗ ⊗ B⊗ (c−1B;A ◦ ((+−A∗ ◦ −+A)
⊗B⊗−) ◦ c−1A;B ◦ (+−B ⊗ A⊗−)) ◦ (A∗ ⊗ +B ⊗ A⊗−) ◦ −A
= −A∗ ◦ (4 ⊗ ((−B ⊗ A⊗−) ◦ (B⊗ (c−1B;A ◦ c−1A;B ◦ (+−B ⊗ A⊗−))) ◦
(A∗ ⊗ +B ⊗ A⊗−) ◦ −A
= −A∗ ◦ (4 ⊗ ((−B ⊗ A⊗−) ◦ (B⊗ c−1B;A) ◦ (cA;B ⊗+ −B ))) ◦ (−A ⊗ +B )
= (−A∗ ⊗ −B ) ◦ (4 ⊗ (cB;A ◦ cA;B)⊗ +−B ) ◦ (−A ⊗ +B ):
In the last equalities, the third one follows from (ii) of 2.7 for A∗. The fourth and
the 7fth ones follow from 3.4 and 2.8. (see Fig. 20)
4. Can this construction be visualized?
In this section, inspired by the work of Turaev [10], we set up a strict braided
monoidal category C where the previous construction can be visualized. The objects
of C are ordered 7nite sets P = {P1; : : : ; Pn} where Pi = • is a point or Pi= ↔ is
an open interval. The empty set is also considered as an object in C. A morphism
f :P → Q is an isotopy type of a tridimensional graph represented either by strings
connecting points or by 2-cobordisms where the bottom and top bases are 7nite unions
of copies of ↔. For a morphism f :P → Q, the domain P (the top points and bases) is
denoted by dom(f) and the codomain Q (the bottom ones) by cod(f). For example,
the 7gures given in Fig. 1 represent morphisms in C.
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Fig. 1.
The composition of two morphisms f :P → Q and g :Q → T is obtained by gluing
the domain and the codomain of g and f, respectively. The identity morphisms are
represented by graphs which consist of untwisted an unlinked vertical strings and bands.
As in the previous sections, if P is an object of C, we denote the identity of P by
idP or by P indistinctly. Of course, in the identities we can use strings and bands of
length  → 0. The identity morphism of the empty set is represented by the empty
graph.
The sets P = {•;↔}; Q = {↔; •}; T = {•;↔; •} are denoted by →; ←; −, i.e.,
right semiopen, left semiopen and closed intervals, respectively. Using this notation we
can make the identi7cations of Fig. 2 and we have the equalities of Fig. 3.
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Fig. 2.
In analogous way we can de7ne (see Fig. 4) the morphisms →; ← a←, etc...
With these identi7cations we can think that our morphisms in C are formed by
strings and bands whose top and bottom bases (domain and codomain, respectively)
are 7nite collections of points, open intervals, closed intervals, semiopen intervals or
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Fig. 3.
Fig. 4.
Fig. 5.
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Fig. 6.
Fig. 7.
Fig. 8.
Fig. 9.
the empty set. For instance
→ : ∅ → {←;→};
→ : {→;←} → ∅;
etc., are morphisms in C.
We provide C with a tensor product. The tensor multiplication of objects
P = {P1; : : : ; Pn} and Q = {Q1; : : : ; Qm} is the ordered disjoint union
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Fig. 10.
Fig. 11.
(juxtaposition):
P ⊗ Q = P unionsq Q = {P1; : : : ; Pn; Q1; : : : ; Qm}:
The tensor product f ⊗ g of two morphisms f, g is obtained by placing a graph
representing f to the left of a graph representing g so that there is no mutual linking
or intersection. Note that
dom(f ⊗ g) = dom(f)⊗ dom(g); cod(f ⊗ g) = cod(f)⊗ cod(g):
For instance,
← = (id• ⊗ ↔ ⊗ id•) ◦ • = (• ⊗ ↔ ⊗ •) ◦ •
a← = (id↔ ⊗ c↔;• ⊗ id•) ◦ (a↔ ⊗ •) = (↔ ⊗c↔;• ⊗ •) ◦ (a↔ ⊗ •):
It is obvious that this tensor product makes of C a strict monoidal category (the
base object is the empty set). Also, C admits a natural braiding and becomes in a
strict braided monoidal category.
If A= →; B= ←, then the duals are de7ned by A∗ = B; B∗ = A, respectively. Of
course, the objects •; ↔ and − will be stable.
For a point P=• we choose the upward direction as the positive orientation for idP
(Fig. 5) and the downward direction as the negative one. We denote this morphisms
by id+P and id
−
P , respectively.
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Fig. 12.
Also, the morphisms +P ; 
+
P∗ ; 
+
P ; 
+
P∗ are de7ned by Fig. 6.
In a similar way in Fig. 7 we can de7ne −P ; 
−
P∗ ; 
−
P ; 
−
P∗ and then we have
+P = 
−
P∗ ; 
+
P∗ = 
−
P ; 
+
P = 
−
P∗ ; 
+
P∗ = 
−
P :
Also we consider
+a−P∗ =
−a+P = 
+
P ;
+b−P∗ =
−b+P = 
−
P ;
−a+P∗ =
+a−P = 
−
P ;
−b+P∗ =
+b−P = 
+
P
and then +−P =id
+
P ;
−+P=id
−
P ;
+−P∗=id
+
P ;
−+P∗=id
−
P . The object P=• is orientable
because the equalities of Fig. 8 hold and, of course, P = • is pointlike.
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Fig. 13.
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Fig. 14.
Fig. 15.
Let A be an open interval. We take the counter-clockwise orientation as the positive
orientation (Fig. 9) and the opposite orientation as negative (Fig. 10).
We can take also the morphisms of Fig. 11 and then (see 2.3) we have the equalities
of Fig. 12.
As a consequence, we can consider the orientations in all the bands as tensor prod-
ucts. For example, see Fig. 13:
In an analogous way we can de7ne +←; 
+
→; 
+
−; 
−
←; 
−
→; 
−
−; 
−
←; 
−
→; 
−
−;
+a−←;
−a+→;
+a−−;
−a+−;
+b−←;
−b+→;
−b+←;
+b−→;
−b+−;
+b−−.
Perhaps it is the time to advise the patient reader that manipulations with a band of
paper or any elastic material would be truly explanatory in the next parts of this section.
Now, let A=→ a right semiopen interval and see the morphisms of Figs. 14 and 15.
Then, the morphisms +−A and
+−A∗ (see 2.3 and 2.4) are de7ned in Fig. 16. Also,
we can introduce the triads A− and A∗− and we have the equalities of Figs. 17 and 18.
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Fig. 16.
Fig. 17.
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Fig. 18.
Fig. 19.
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Fig. 20.
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Fig. 20. continued.
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Fig. 21.
Fig. 22.
We can say now that our semiopen interval A is preorientable because we have
de7ned the four triads A+; A∗+; A−; A∗−. Since −A ; 
−
A∗ are morphisms in TC
and the equivalent conditions of 2.9 hold, the interval A is orientable. The orientability
of closed and open intervals can be checked in a similar way.
Thus, the proof of 3.4 is visualized in Fig. 19 and 7nally, Proposition 3.5 explains
(see Fig. 20) the easy manipulations achievable by a child supplied with a pair of
scissors. In this case, B is a closed interval and we take D = A⊗ B⊗ A∗.
If B is an interior point of the interval D, then B is obviously a pointlike object and
in Fig. 21 we obtain the M:obius band of the point B, i.e., an obviously not oriented
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circumference (the thread to sew the last 7gure and, by inverse process, to recover the
M:obius band of D).
For D=•⊗ ↔ ⊗•, using similar manipulations, we obtain the equality Fig. 22 where
the oriented circumference (•-cylinder) is the border of the M:obius band of the closed
interval.
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